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Abstract
Let G = (V,E) be a simple graph. A subset S of E(G) is a strong (weak) efficient edge dominating set of G if
|Ns[e] M Sl =] forall e EE(G)(' Nule] ﬂSl = [ for all e € E(G)) where Ns(e) ={f/f € E(G) & deg > deg
e}(Nw(e) ={f/ f € E(G) & deg f < deg e}) and Ns[e]=Ns(e) fe}(Nw[e] = Nw(e) {e}). The minimum cardinality
of a strong efficient edge dominating set of G (weak efficient edge dominating set of G) is called a strong
efficient edge domination number of G and is denoted by y's.(G) (¥',,,(G)). In this paper, the strong efficient
edge domination number of some graphs obtained by duplicating their elements is studied.

Keywords: Domination, edge domination, strong edge domination, efficient edge domination, strong efficient
edge domination.

1. INTRODUCTION

Throughout this paper, only finite, undirected and simple graphs are considered. Two volumes on domination
have been published by T. W. Haynes, S. T. Hedetniemi and P. J. Slater [9, 10]. Edge dominating sets were
studied by S. L. Mitchell and S. T. Hedetniemi [12]. A set F of edges in a graph G is called an edge dominating
set of G if every edge in E — S is adjacent to at least one edge in F. The edge domination number y'(G) of a graph
G is the minimum cardinality of an edge dominating set of G. The degree of an edge was introduced by V. R.
Kulli [8]. The concept of efficient domination was introduced by D.W. Bange et al [4, 5]. The concept of strong
domination graphs was introduced by E. Sampath Kumar and L. Pushpalatha [13] and efficient edge domination
were studied by C. L. Lu et al [11] G. Santhosh [14] and D. M. Cardoso et al [6]. The strong efficient edge
domination was introduced by M. Annapoopathi and N. Meena [1,2,3]. For all graph theoretic terminologies and
notations, Harary [7] is referred to. The strong (weak) domination number y's(G)( y'w(G)) of G is the minimum
cardinality of a strong (weak) dominating set of G and I's(G) is the maximum cardinality of a minimal strong
dominating set of G. A subset D of E (G) is called an efficient edge dominating set if every edge in E (G) is
dominated by exactly one edge in D. The cardinality of the minimum efficient edge dominating set is called the
efficient edge domination number of G. In this paper, the strong efficient edge domination numbers of some
graphs obtained by duplicating their elements is studied.

Definition 1.1[1] :Let G = (V,E) be a simple graph. A subset S of E(G) is a strong (weak) efficient edge
dominating set of G if [Ng[e]nS| =1 for all e € E(G)[|N,,[e]nS|=1 for all e € E(G)] where Ny(e) =
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{f/f € E(G)&degf = dege} ( Ny(e) ={f/f € E(G)&degf < dege} ) and Ns[e] = Ns(e) U{e}(Ny[e] =
N, (e) U {e}). The minimum cardinality of a strong efficient edge dominating set of G (weak efficient edge
dominating set of G) is called a strong(weak) efficient edge domination number of G and is denoted by y',.(G)

(V' we (@)).

Observation 1.2[1]:y"__(C3,) = n, VR € N.
Definition 1.3: Duplication of avertex v of a graph G produces a new graph G' by adding a new vertex v' such

that N[v']=N|v]. In other words a vertex v is said to be a duplication of v if all vertices which are adjacent to v
in G are also adjacentto v' in G'.
Definition 1.4:Duplication of an edge e = uv by a new vertex w in a graph G produces a new graph G'such that

N[v]={u,v}.

I1. Strong efficient edge domination number of some graphs obtained by duplicating their elements

Theorem 2.1: Let G=P,,n>2. Let G' be the graph obtained by duplicating all the vertices of G. Then strong
efficient edge dominating set of G' exists if and only if n =2, 4,5, 6.

Proof: Let G=P,,n>2.Let G' be the graph obtained by duplicating all the vertices of G.

Case (1): LetG = P,. The graph G" is given in the following figure. Then {e} is the unique strong efficient edge
dominating set of G'. Hence y_, (G') =1.

Case (2): LetG =P,. The graph G' is given in the following figlire. Then {e,, fi, gs} is the unique strong
efficient edge dominating set of G'. Hence y, (G') =3.

e es
€1
f
f1
g1 82 g

Case (3): LetG = P,. The graph G' is given in the following figure. Then Si= {ey, es, f1}, So= {e1, es, ga}are the
strong efficient edge dominating sets of G 'and |Si| = 2, i = 1, 2. Therefore y,, (G) =3,
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Case (4): LetG =P,. The graph G' is given in the following figure. Then {ei, es, es} is the unique strong
efficient edge dominating set of G'. Hence y, (G') = 3.

Conversely: Case (1): Let G=Ps. Let V(G) ={vi, Ui/ 1 <i<3},e1=ViVo, 2=Vo Vs, fi =vi Uy, f2 = Vo Us, g1 =
U1 V2, g2 = Uz V3. Then E(G”) = {e;, i ,0i/ 1 <i<2}.Deg e; = deg e2 = 4, deg f1 =deg 9> = 2, deg f> =deg g1 = 3.
Let S be a strong efficient edge dominating set of G'. Since deg e; = deg ez =4 = A(G ), any one of the edge e:
or ez belongs to S. Suppose e; belongs to S. It strongly efficiently dominates all the edges other than g.. If the
edge gz belongs to S, then |N¢ [, |nS| =|{e;, 9, | = 2 >1, a contradiction. Hence g. does not belongs to S. The

proof is similar if the edge e, belongs to S. Hence G has no strong efficient edge dominating set.

Case (2): LetG =P,,, n>3. Let V(G) = {vi, Ui / 1 <i<3n}, & = Vi Vis, fi = Vi Uisg, §i = Ui Virg, | <1< 3n- 1.
Then E(G’) = {ei, fi ,gi / 1 <i<3n-1}. Deg e; =deg esn1 =4, deg € =6,2<i<3n-2, deg f; = deg gzn1 = 2,
deg g1 = deg f3n1 = 3 and the remaining edges have degree 4. Let S be a strong efficient edge dominating set of G'

.Sincedegei=6= A(G),2<i<3n- 2, either the edge e, or e3 belongs to S.

Sub case 2(a):Suppose the edge e, belongs to S. Then it strongly efficiently dominate ey, es, f2, f3, g1, g2. Also the
edges es, es, €us,..., eans belong to S. If the edge exn-2 belongs to S then [N [es, 5 ]NS| =|{es2. €004 | = 2> 1,
a contradiction. Hence there is no edge in S to strongly efficiently dominate es... Therefore S is not a strong
efficient edge dominating set of G . Hence G ' has no strong efficient edge dominating set.

Sub case 2(b): Suppose the edge e; belongs to S. Then it strongly efficiently dominates e, es, f3, fa, g2, g3. Also
the edges e, €s, €q,..., €3n-3, €301 belong to S. Also any one of the edges from each of the following set of edges

{94, fs b {95, b {0550 fanu ] belongs to S. Suppose the edge gs belongs to S then
INg[f,]nS| =|{e;,9,]=2>1 , a contradiction. Suppose the edge fs belongs to S then
|NS [g6]r\ S| = |{e6, f5}| = 2 >1, a contradiction. Hence there is no edge in S to strongly efficiently dominate g4

and s Therefore S is not a strong efficient edge dominating set of G . The proof is similar for the remaining set
of edges. Hence G ' has no strong efficient edge dominating set.

Case (3): LetG =P,,,;, n>2. Let V(G) = {vi, ui / 1 <1< 3n+1}, e = Vi Visg, Fi = Vi Uirg, §i = Ui Vis1, 1 <1< 3n.
Then E(G”) = {ej, fi ,gi/ 1 <i<3n}. Degei=degesmn=4,deg €i=6,2<i<3n-1,degfi=deg gsn =2, deg g1 =
deg f3, = 3 and the remaining edges have degree 4. Let S be a strong efficient edge dominating set of G'. Since

degei=6= A(G), 2 <i<3n-1, either the edge e, or e; belongs to S.
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Sub case 3(a): Suppose the edge e, belongs to S. Then it strongly efficiently dominate e, e, f2, fs, g1, g2. Also the
edges es, eg, en,..., esn1 belongs to S. If the edge gs belongs to S then, |Ns[f2]mS| = |{e2,g3}| =2>1 a
contradiction. Suppose the edge fs belongs to S then|N[gs]nS| =|{es, f, ] = 2>1, a contradiction. Hence

there is no edge in S to strongly efficiently dominate gz and fs. Therefore S is not a strong efficient edge
dominating set of G . Hence G ' has no strong efficient edge dominating set.

Sub case 3(b): Suppose the edge e; belongs to S. Then it strongly efficiently dominates e, es, fs, fa, g2, g3. Also
the edges es, es, €9, ..., eansbelongs to S. Also any one of the edges from each of the following set of edges

{94, T b {95, b {055, fanu) belongs to S, Suppose the edge esibelongs to S then
INg[€3,, ]S = [{e304,€305 ] = 2>1, a contradiction. Hence there is no edge in S to strongly efficiently
dominate esn1. The proof is similar for the remaining set of edges. Therefore S is not a strong efficient edge
dominating set of G . Hence G ' has no strong efficient edge dominating set.

Case (4): LetG =P, ,, N> 2. Let V(G) ={v;, ui/ 1 <i<3n+2}, ei = Vi Visg, fi = Vi Uis1, §i = Ui Vieg, 1 <i<3n+1.
Then E(G”) = {ei, fi ,gi/ 1 <i<3nt1}. Deger =deg ez =4,deg ei=6,2 <i<3n, deg f1 = deg gan+1 = 2, deg g1
= deg faw1 = 3 and the remaining edges have degree 4. Let S be a strong efficient edge dominating set of G'.

Sincedegei=6= A(G), 2 <i< 3n, either the edge e or e3 belongs to S.

Sub case 4(a): Suppose the edge e, belongs to S. Then it strongly efficiently dominate e, es, f2, fs, g1, g2. Also the
edges es, €, €11,..., a1, €an1 DEloNgs to S. If the edge gs belongs to S then, [N [f,]NS| ={e,, 0, =2> 1, a
contradiction. Suppose the edge fs belongs to S then|NS [gS]m S| = |{e5, f4}| =2>1, a contradiction. Hence

there is no edge in S to strongly efficiently dominate gz and fs. Therefore S is not a strong efficient edge
dominating set of G . Hence G ' has no strong efficient edge dominating set.

Sub case 4(b): Suppose the edge e; belongs to S. Then it strongly efficiently dominates e, es, fs, fa, g2, g3. Also
the edges €1, €g, €9, ..., ean belongs to S. Also any one of the edges from each of the following set of edges

{94, T {9, fah oo {000 fany) belongs to S If the edge g« belongs to S then
INg[f,]nS|={e;,0,]=2>1 , a contradiction. If the edge fs belongs to S then
INg[gs]nS| = [{e, fs )| = 2>1, a contradiction. Hence there is no edge in S to strongly efficiently dominate g

and fs. The proof is similar for the remaining set of edges. Therefore S is not a strong efficient edge dominating
set of G . Hence G ' has no strong efficient edge dominating set.

Theorem 2.2:LetG =K

7. (G)=1n=1.
Proof:LetG =K, ,n>1.LetV(G)={v, Vi ui/1<i<n, n>1} and E(G’) = {vvi, vui, 1 <i<n, n>1}. Then

n>1. Let G' be the graph obtained by duplicating all the vertices of G. Then

1,n?

deg vvi =deg vui=2n-1= A(G), 1 <i<n. Therefore { vvi/ 1 <i<n}or{vu/1<i<n }isa strong efficient
edge dominating set of G . Hence ., (G') =1, n>1.

Theorem 2.3: LetG =D
7. (G =1r,s>1

r,s>1. Let G' be the graph obtained by duplicating all the vertices of G. Then

r,s?
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Proof: LetG =D, .,r,s>1. LetV(G) ={u, Vv, U, vj/1<i<r, 1<j<s,,s>1} and E(G’) = {uui, w;, uui,
Wi, 1<i<r 1<j<s,I,s>1} Then deg uv = 2(r+s), deg uu; = deg uui= 2r,deg vv; = deg vv; = 2s,1,5>1

r,s?

Therefore { uv } is the unique strong efficient edge dominating set of G . Hence y_, (G') =1, r,s>1.

Theorem 2.4: LetG =C,,,n>1. Let G' be the graph obtained by duplicating all the vertices of G. Then G’ has

no strong efficient edge dominating set.

Proof: Let G = Cz,, N>1. Let V(G) ={ui, vi/ 1 <i<3n}, & = Vi Vis1, | <i<3n-1, €30 =Van V1, fi=UjVie, 1 <i<
3n-1, f3n = Usn V1, gi=Vilisg, 1 < 1<3n-1, O3n = Van U1 . Then E(G’) = {ei, fi i /1<i< 3n}. Deg ei=6,1<1<3n,
deg fi = deg gi =4, 1 <i < 3n. Let S be a strong efficient edge dominating set of G'. Since degei=6= A(G), 1
<i<3n, any one of the edges ei,1 <i<3n belongs to S. Without loss of generality let it be the edge es.

Then it strongly efficiently dominates ey, esn, 1, fan, g2. Also the edges eq, €7, €10, ..., esn2 belongs to S. Also any

one of the edges from each of the following set of edges {f,, 95 },{fs. Q¢ }s --r { F2ns, Os, s MUst belong to S. If
the edge f.belongs to S then|N[g,]S|={e,, f,} = 2>1, a contradiction. If the edge gsbelongs to S then

|NS [f4]m S| = |{e4, gs}| = 2 >1, a contradiction. Hence there is no edge in S to strongly efficiently dominate f;

andgs. The proof is similar for the remaining set of edges. Therefore S is not a strong efficient edge dominating
setof G . Hence G has no strong efficient edge dominating set.

Theorem 2.5: LetG =W, ,n>2. Let G' be the graph obtained by duplicating all the vertices of G. Then G’ has

no strong efficient edge dominating set.

Proof: Let G=Ws, n>2. LetV(G) ={u, ui, vi/1<i<3n-1},ei=uv;, 1 <i<3n-1,& =uuj, 1 <i<3n-1,fi=
Vi Vist, 1 <1<3n-2, fan = Vana Vi, @i = UiVies, 1 <1<3n-2, Qan-1 = UsnaVi, i = Vi Uist, 1 <1 <3n-2, h3na = Vang Us.
Then E(G”) = {ei, &, fi ,gi, hi/ 1 <i<3n}. Deg ei=6n+1, degei =6n-1, 1 <i<3n-1, deg fi = 8, deg gi = deg hi =
6,1<i<3n-1. Let S be a strong efficient edge dominating set of G'. Since deg ei = 6n+1 = A(G ), 1 <i<3n-1,
any one of the edges e;,1 <i < 3n-1 belongs to S. Without loss of generality let it be the edge e1. Then it strongly
efficiently dominate all the spoke edges €i, 1 <i < 3n-1 and two rim edges adjacent with ei. Also the edges fs, fs,
fo, ..., f3, belongs to S. Also any one of the edges from each of the following set of edges

{hz ' gl}’ {h57 9, }’ e {hSn—l’ gSn—Z} must belong to S.
Case(1): Suppose the edge h, belongs to S then|Ns[g,]nS| =|{h,, f, )| = 2> 1, a contradiction.

Case(2): Suppose the edge gan2belongs to S then|Ng [y, 5 ]NS| =[{f,,, 04, ]| = 2> 1, a contradiction.

Case(3): Suppose the edge hsn.1 belongs to S. Then it strongly efficiently dominates gi and gan-2. But there is no
edge to strongly dominate the edge hy, a contradiction.

Case(4): Suppose the edge g: belongs to S. Then it strongly efficiently dominates h, and hsn.1. But there is no
edge to strongly dominate the edge gsn-2, @ contradiction.The proof is similar for the remaining set of edges.

Therefore S is not a strong efficient edge dominating set of G . Hence G~ has no strong efficient edge
dominating set.

Theorem 2.6: Let G=P,,n>2. Let G' be the graph obtained by duplicating all the edges of G by vertices.
Then strong efficient edge dominating set of G' exists if and only if 2<n < 6.

Proof: Let G=P,,n>2.Let G' be the graph obtained by duplicating all the edges of G by vertices.

Case (1): LetG = P,. The graph G' is given in the following figure. Since G’ = Cs, y_, (G') =1.

e
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Case (2): LetG = P,. The graph G is given in the following figure. Then Si= {ei1, 92}, So= {e2, f1}, Ss= {01, 92},
S4= {f1, T2} are the strong efficient edge dominating sets of G' and |Si| = 2, 1 <i < 4. Therefore ;/;e (G) < 2Also

no other strong efficient edge dominating sets of G' exists. Hence y;e (GH=2.

Case (3): LetG = P,. The graph G is given in the following figure. Then S= {ez, f1, gs} is the unique strong
efficient edge dominating sets of G' and |S| = 3. Therefore y_, (G') =3.

e (5] es

fi 82 f3
g3
g1

Case (4): LetG = P;. The graph G' is given in the following figure. Then Si= {ey, 1, es}, S2= {es, g1, g4} are the
strong efficient edge dominating sets of G' and |Si| = 3, i = 1, 2. Thereforey_, (G') <3. Since 3 = y, (G )<
7., (G) . Therefore ¥, (G') >3. Hence y_ (G)=3.

e; (S}] es

Case (5): LetG = P,. The graph G' is given in the following figure. Then S= {e1, es, es} is the unique strong
efficient edge dominating sets of G' and |S| = 3. Therefore y_ (G) = 3.
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Conversely: Case (1): LetG =P, , n>3.Then G has no strong efficient edge dominating set.

Proof: LetG = P3n7 n=>3. LetV(G’) ={vi/1<i<3n, Ui/ 1<i<3n-1} e =ViVig, 1 <i<3n-1,fi=uvi, Qi =
Ui Vis1, 1 <1<3n-1. Then E(G”) = {ei, fi, gi/ 1 <i<3n-1}. Deg e: =deg esn.1 =4,deg €i=6,2<i<3n-2, deg
f1 = deg gsn1 = 2and the remaining edges have degree 4. Let S be a strong efficient edge dominating set of G'.
Sincedegei=6= A(G), 2 <i<3n- 2, either the edge e, or e3 belongs to S.

Sub case 1(a): Suppose the edge e, belongs to S. Then it strongly efficiently dominates e, es, 2, f3, g1, g2. Also
the edges es, s, e11,...,cana belong to S. If the edge ez belongs to S then|Ng [, 5 ]NS| =|{es . €500 | = 2>1
, @ contradiction. Hence there is no edge in S to strongly efficiently dominate esn. Therefore S is not a strong
efficient edge dominating set of G . Hence G '~ has no strong efficient edge dominating set.

Sub case 1(b): Suppose the edge e; belongs to S. Then it strongly efficiently dominates e, es, f3, fa, g2, g3. Also
the edges ey, s, €9, ..., €an3, €301 belong to S. Also any one of the edges from each of the following set of edges

{94, T b {95, b {0550 fanu ] belongs to S. Suppose the edge gs belongs to S then
INg[f,]nS|=|{e;, 9,/ =2>1 , a contradiction. Suppose the edge fs belongs to S then

|Ns [gs]m S| = |{eﬁ, f5}| = 2 >1, a contradiction. Hence there is no edge in S to strongly efficiently dominate g4

and fs. The proof is similar for the remaining set of edges. Therefore S is not a strong efficient edge dominating set
of G . Hence G ' has no strong efficient edge dominating set.

Case (2): LetG =P,,,,, n>2.Then G " has no strong efficient edge dominating set.

Proof: LetG =P, ,, n>2. LetV(G) ={vi/ 1 <i<3ntl,ui/ 1 <i<3n}, e = ViV, | <i<3n, fi = Ui Vi, gi = Ui
Vist, 1 <1< 3n. Then E(G”) = {ei, fi, gi/ 1 <i<3n}. Degei =degesn=4,deg €i=6,2<i<3n-1, deg f, = deg
0sn = 2 and the remaining edges have degree 4. Let S be a strong efficient edge dominating set of G'. Since deg ei

=6=A(G),2<i<3n-1, either the edge e, or e3 belongs to S.

Sub case 2(a): Suppose the edge e, belongs to S. Then it strongly efficiently dominate e, es, 2, fs, g1, g2. Also the
edges es, es, €11,..., ean1 belongs to S. Also any one of the edges from each of the following set of edges

{05, T4} {96, f7 ), s {0an_s, Tan» } belongs to S. If the edge gs belongs to S then|Ns[f,]NS| = [{e,, 9, ] =2 >
1, a contradiction. Suppose the edge fsbelongs to S then|NS [g4]m S| = |{e5, f4}| = 2>1, a contradiction. Hence

there is no edge in S to strongly efficiently dominate gs and fs. The proof is similar for the remaining set of edges.
Therefore S is not a strong efficient edge dominating set of G . Hence G has no strong efficient edge
dominating set.

Sub case 2(b): Suppose the edge e; belongs to S. Then it strongly efficiently dominates e, es, f3, f4, g2, 3. Also
the edges e, es, €9, ..., e3n belongs to S. Also any one of the edges from each of the following set of edges

{94, T b {9, fah oo {000 fony) belongs to S, If the edge gielongs to S then
INg[f,]nS|=|{e;,0.=2>1 , a contradiction. If the edge fs belongs to S then

|NS [gs]m S| = |{eﬁ, f5}| = 2>1, a contradiction.Hence there is no edge in S to strongly efficiently dominate gs

and fs. The proof is similar for the remaining set of edges. Therefore S is not a strong efficient edge dominating
set of G . Hence G ' has no strong efficient edge dominating set.
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Case (3): LetG =P,.,,,
Proof: LetG =P,,,,, N >2. Let V(G) ={vi/ 1 <i<3n+2,ui/ 1 <i<3n+1},,6i = Vi Visg, fi = UiVi, Gi = Uj Vieg, 1 <

i <3n+l. Then E(G’) = {ej, i, gi/ 1 <1< 3n+1}. Deg e1 = deg €3n+1 = 4, deg €i = 6, 2 <i < 3n, deg f1 = deg gan+1 =
2and the remaining edges have degree 4. Let S be a strong efficient edge dominating set of G'. Since deg ei=6 =

A(G"), 2 <i<3n, either the edge e, or e; belongs to S.

n>2.Then G has no strong efficient edge dominating set.

Sub case 3(a): Suppose the edge e, belongs to S. Then it strongly efficiently dominates e, es, 2, f3, g1, g2. Also
the edges es, eg, €11,..., €an-1, €3n+1 belongs to S. Also any one of the edges from each of the following set of edges

{95, T, 5,496, T} - {0200, Tan_o | bElONgs to S. If the edge ga belongs to S then, [N [f,]S| =|{e,, 9.} =2 >

1, a contradiction. Suppose the edge f. belongs to S then|N[g, S| =|{es, , ]| = 2> 1, a contradiction. Hence
there is no edge in S to strongly efficiently dominate gs and f4. The proof is similar for the remaining set of edges.
Therefore S is not a strong efficient edge dominating set of G . Hence G ~has no strong efficient edge
dominating set.

Sub case 3(b): Suppose the edge e; belongs to S. Then it strongly efficiently dominates e, es, fs3, fa, g2, g3. Also
the edges es, €s, €9, ..., €3 belongs to S. Also any one of the edges from each of the following set of edges

{94, fs b {9, foh oo {0 0r fory} belongs to S If the edge g« belongs to S then
INg[f,]nS|=|{e;, 0./ =2>1 , a contradiction. If the edge fs belongs to S then

|Ns [gs]m S| = |{eﬁ, f5}| = 2 >1, a contradiction. Hence there is no edge in S to strongly efficiently dominate g4

and fs. The proof is similar for the remaining set of edges. Therefore S is not a strong efficient edge dominating
set of G . Hence G ' has no strong efficient edge dominating set.

Theorem 2.7: LetG =K,
Then . (G')=n,n>1,

Proof: LetG =K, ,n>1.LetV (G)={v,vi ui/1<i<n, n=1}and let & = vv; fi= vui, gi = ui vi. Then E
(G) = {ei, fi,gi, 1 <i<n, n>1}. Then deg ej = deg fi = 2n, deg gi = 2, 1 <i <n. Let S be a strong efficient edge

dominating set of G'. Since deg ei = deg fi= 2n = A(G ), 1 <i <n, any one of the edge e; or fimust belongs to S.

Without loss of generality, suppose the edge e; belongs to S. Then it strongly efficiently dominate all the edges e,
2<i<nandfi I <i<nand the edge gi. Also the edges gi, 2 <i <n must belong to S. Therefore S ={e1, gi/2 <

i <n} is a strong efficient edge dominating set of G * and |S| = n,n>1. Therefore ;/;e (G) <n,n>1. The proof is
similar if the edges e;, 2 <i<norfi, 1 <i<nbelongtoS. Also no set with less than n edges is a strong efficient
edge dominating set of G . Therefore . (G')>n, n>1. Hence y, (G)=n,n>1.

n>1. Let G' be the graph obtained by duplicating all the edges of G by vertices.

Theorem 2.8: LetG =D, |,
Then y,(G')=r+s+1r,s>1
Proof: LetG =D, ,r,s>1. Let V(G) ={u,v, Ui, Vj, Ui, Vj /1 <i<r,1<j<s,r,s>1}and lete=uv, f=uw, g

=vw, ei = uu;, & = uui,fi= v, fi =wj,gi=uuihj= vy, 1<i<r,1<j<s,r,s>1.Then E(G’) = {e, f, g, &i,&i,
fi, fi>, 0, /1 <i<r, 1<j<s,r,s>1} Dege=2(r+s+1), deg f = 2r, deg g = 2s, deg ei = deg ei= 2r, deg fj = deg
fi=2s,deggi=deghj=2,1<i<r, 1<j<s,r,s>1.Sincedege=2(r+s+1)=A(G ), 1<i<r, 1<j<s,r,s>1,

r,s>1. Let G' be the graph obtained by duplicating all the edges of G by vertices.
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S={e,g,h/1<i<r 1<j<s,r, s> 1} is the unique strong efficient edge dominating set of G ~and |S| =
r+s+l, 1<i<r,1<j<s,r,s>1.Hence y_ (G)=r+s+1 r,s>1

Theorem 2.9: LetG =W, ,n>2. Let G' be the graph obtained by duplicating all the edges of G by vertices.
Then y.,(G')=2n, n>2,

Proof:LetG =W,,,n > 2. Let V(G) = {u,vi, Ui, wi/ 1 <i<3n -1} and & = ViVis1, 1 <i<3n-2, €3p1 = Van1V1

e = wi, 1 <i<3n-1, fi=ujvi, 1 <i<3n-1, 0i = Uj Vir1, 1 <1<3n-2, gan-1 = Uzna Vi, , fi = viWi,gi’ =vw; ] <1<3n-
1. Then E (G’) = {ei, &, fi fi, i ,0i/ 1 <i<3n-1}. Deg e = 10, deg e;'= 6n+2, deg fi = deg fi = deg gi = 6, deg gi
=6n-2,1<1i<3n-1 The edges e; are adjacent with each other. To dominate them, any one e; is considered.
Without loss of generality, let it be 1. S = {e1, €3, €s, ..., emns,f2 , 2, s ..., 301} is astrong efficient edge

dominating set of G  and |S| =2n, n > 2. Therefore . (G') < 2n,n> 2. The proof is similar if the edges e/, 2 <i

< n belong to S. Also no set with less than 2n edges is a strong efficient edge dominating set of G . Therefore
7., (G)>=2n,n>2. Hence y, (G)=2n, n>2.

Theorem 2.10: LetG =C,,,n>1. Let G' be the graph obtained by duplicating all the edges of G by vertices..
Then G’ has no strong efficient edge dominating set.

Proof: Let G = Can, N >1. Let V(G’) = {Ui, vi/l1<i< 3n}, €i = Vi Vi1, 1 <1<3n-1, e3n = Van Vg, fi=ui Vi, 1<i<
3N, gi = UiVis1, 1 <1<3n-1, g3n = UsnV1 . Then E(G’) = {e;, fi ,0i/ 1 <1< 3n}. Deg ¢i=6, 1 <i<3n, deg fi = deg gi
=4,1<i<3n. Let S be a strong efficient edge dominating set of G'. Since deg ei= 6= A(G), 1 <i< 3n, any
one of the edges ei,1 < i < 3n belongs to S. Without loss of generality let it be the edge ei.Then it strongly
efficiently dominates e, esn, f1, f2, g1,03n. Also the edges es, €7, €1, ..., esn2 belongs to S. Also any one of the
edges from each of the following set of edges {g,, f, },{0s, fg } s {0301, T5n } MuUst belong to S. If the edge g.

belongs to S then [Ng[f,]nS| =|{e;, 9, =2>1, a contradiction. If the edge f: belongs to S then

|NS [gs]m S| = |{e4, f3}| = 2>1, a contradiction. Hence there is no edge in S to strongly efficiently dominate g.

andfs. The proof is similar for the remaining set of edges. Therefore S is not a strong efficient edge dominating set
of G . Hence G ' has no strong efficient edge dominating set.

111. CONCLUSION

In this paper, the strong efficient edge domination number of some graphs obtained by duplicating their elements
is determined.
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