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Abstract 
In the present paper some theorems on soft metric spaces are established for Non-expansive 

mapping. The obtained results are generalized form of some basic fundamental results in fixed point 

theory and very useful in engineering and agriculture studies. The results are established at the basis 

of soft set principle. 
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1. Introduction and Preliminaries: 

 The generalization of fixed point theorems for non- expansive mappings are very useful not only in 

functional analysis but also in engendering, management, pure and applied physics.  

Suzuki [15] defined and explained A class of generalized non expansive mappings on a nonempty 

subset C of a Banach space X in 2008. The detail about soft sets, soft fixed point, soft metric space 

can be seen in [3,4,22. 17] 

 

Definition 1.1:  (See [14]) Let M be a nonempty subset of a Soft Metric space(�̃�, �̃�, 𝐸). A 

mapping  𝐹: 𝑀 × 𝑀 → �̃� is called a non expansive if�̃�(𝐹𝑥𝑠1
, 𝐹𝑦𝑠2

) ≤ �̃�(𝑥𝑠1
, 𝑦𝑠2

), for all 𝑥𝑠1
, 𝑦𝑠2

∈

𝑀. 

Definition 1.2: (See [14]) For a nonempty subset M of a soft metric space(�̃�, �̃�, 𝐸), a mapping 

𝐹: 𝑀 × 𝑀 → �̃�is said to be quasi non expansive if�̃�(𝐹𝑥𝑠1
, 𝑧𝑠3

) ≤ �̃�(𝑥𝑠1
, 𝑧𝑠3

), for all 𝑥𝑠1
∈ 𝑀 and 

𝑧𝑠3
∈ 𝑆𝐹(𝐸), (where SF(E)denotes the set of all Soft points of E). 

 
Definition 1.3:  

 (See [14]) For a nonempty subset M of a soft Metric space(�̃�, �̃�, 𝐸), a mapping  𝐹: 𝑀 → �̃� is said 

to satisfy the contractive-condition (CC) on M if 
1

2
�̃�(𝑥𝑠1

, 𝐹𝑥𝑠1
) ≤ 𝑑(𝑥𝑠1

, 𝑦𝑠2
) implies�̃�(𝐹𝑥𝑠1

, 𝐹𝑦𝑠2
) ≤

𝑑(𝑥𝑠1
, 𝑦𝑠2

) for all𝑥𝑠1
, 𝑦𝑠2

∈ 𝑀. 
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Obviously every non expansive mapping satisfies the contractive condition (CC) on M. But there 

are also some non continuous mappings satisfying the condition (CC) (see [16]). 

Definition 1.4: 

(See [7]) For a nonempty subset M of a soft metric space(�̃�, �̃�, 𝐸) and α ∈ (0, 1), a mapping 

𝐹: 𝑀 → �̃� is said to satisfy (CCλ)-contractive condition on M if 𝛼�̃�(𝑥𝑠1
, 𝐹𝑥𝑠1

) ≤ 𝑑(𝑥𝑠1
, 𝑦𝑠2

)  

implies�̃�(𝐹𝑥𝑠1
, 𝐹𝑦𝑠2

) ≤ 𝑑(𝑥𝑠1
, 𝑦𝑠2

),  for all 𝑥𝑠1
, 𝑦𝑠2

∈ 𝑀 

Definition 1.5: 

(See [7]) If M is a closed convex and bounded subset of (�̃�, �̃�, 𝐸), and a self mapping F on M is 

non expansive, then there exists a sequence {�̃�𝜆𝑛

𝑛 } in M such that�̃�(�̃�𝜆𝑛

𝑛 – 𝐹�̃�𝜆𝑛

𝑛 ) → 0, such a sequence 

is called almost soft point sequence for F. 

Definition 1.6: 

 (See [7]) Let M be a nonempty subset of a soft Metric space (�̃�, �̃�, 𝐸) and {�̃�𝜆𝑛

𝑛 } be a bounded 

sequence in (�̃�, �̃�, 𝐸). For each𝑥𝜆 ∈ �̃�, we have 

 

(i) asymptotic radius of {�̃�𝜆𝑛

𝑛 } at 𝑥𝜆 is defined by  𝑟(𝑥𝜆, {�̃�𝜆𝑛

𝑛 }) = 𝑙𝑖𝑚 𝑠𝑢𝑝
𝑛→∞

𝑑(�̃�𝜆𝑛

𝑛 , 𝑥𝜆) 

(ii) asymptotic radius of {�̃�𝜆𝑛

𝑛 } relative to M is defined by 𝑟(𝑀, {�̃�𝜆𝑛

𝑛 }) = 𝑙𝑖𝑚 𝑖𝑛𝑓
𝑛→∞

r 

(𝑥𝜆, �̃�𝜆𝑛

𝑛 ): 𝑥𝜆 ε M . 

(iii) asymptotic center of  {�̃�𝜆𝑛

𝑛 }relative to M is defined by 𝐴(𝑀, {�̃�𝜆𝑛

𝑛 })  = {𝑥𝜆 ∈

𝑀: 𝑟(𝑥𝜆, {�̃�𝜆𝑛

𝑛 })  = 𝑟(𝑀, {�̃�𝜆𝑛

𝑛 })}.  

We note that 𝐴(𝑀, {�̃�𝜆𝑛

𝑛 }) is nonempty. Again, if �̃� is uniformly convex, then 𝐴(𝑀, {�̃�𝜆𝑛

𝑛 })has 

exactly one point. 

Definition 1.7: 

(See [14]) A Soft Metric space (�̃�, �̃�, 𝐸) is said to satisfy the opial property if, for every sequence 

{�̃�𝜆𝑛

𝑛 } in �̃�with �̃�𝜆𝑛

𝑛 → 𝑧𝜇, we have 𝑙𝑖𝑚
𝑛→∞

𝑖𝑛𝑓 �̃� (�̃�𝜆𝑛

𝑛 , 𝑧𝜇) ≤ 𝑙𝑖𝑚
𝑛→∞

𝑖𝑛𝑓 �̃� (�̃�𝜆𝑛

𝑛 , 𝑦𝜂) whenever 𝑦𝜂 ≠ 𝑧𝜇.  

 

2. Some modified Results: 

2.1. Definition: 

Let M be a nonempty subset of a soft metric space(�̃�, �̃�, 𝐸). Let γ ∈ [0, 1] &  μ ∈ [0,
1

2
]  be soft 

real numbers such that 2μ ≤ γ, a soft mapping 𝐹: 𝑀 → �̃�is said to satisfy the condition𝐵𝛾,𝜇on M if, 

for all �̃�𝜆, y
𝜂
 in M, 

𝛾�̃�(�̃�𝜆, 𝐹�̃�𝜆) ≤ �̃�(�̃�𝜆, 𝑦𝜂) + 𝜇�̃�(𝑦𝜂 , 𝐹𝑦𝜂), implies   �̃�(𝐹�̃�𝜆, 𝐹�̃�𝜂) ≤ (1 – 𝛾)�̃�(�̃�𝜆, �̃�𝜆) +

𝜇(�̃�(�̃�𝜆, 𝐹�̃�𝜆) + �̃�(�̃�𝜆, 𝐹�̃�𝜆)) 
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Clearly, this class includes the class of non-expansive mappings (for γ = μ = 0). 

Also, if a mapping satisfies the contractive condition (CC), then it will satisfy the condition 𝑩𝜸,𝝁for γ 

= μ = 0. 

As  
𝟏

𝟐
�̃�(�̃�𝝀, 𝑭𝒙𝝀) ≤  d̃(𝒙𝝀, �̃�𝜼) ⇒ �̃�(𝑭�̃�𝝀, 𝑭�̃�𝜼) ≤ �̃�(�̃�𝝀, �̃�𝜼) for (CC) condition 

So, clearly, �̃�(𝑭�̃�𝝀, 𝑭�̃�𝜼) ≤ (𝟏 – 𝜸)�̃�(�̃�𝝀, �̃�𝜼) + 𝝁(�̃�(�̃�𝝀, 𝑭�̃�𝜼) + �̃�(�̃�𝜼, 𝑭�̃�𝝀)) for γ = μ = 0, but the 

converse is not true. 

2.2. Lemma: Let M≠∅  ⊂ 𝑋,̃  F: M→�̃� which satisfy  𝐵𝛾,𝜇condition. If 𝑧𝜌 is a soft point of F on M, 
then,   

�̃�(𝑧𝜌,Fx𝜆)  ≤  d̃(𝑧𝜌, x𝜆), for all 𝑥𝜆 ∈ 𝑀. 

Proof: Since 𝛾�̃�(𝑧𝜌, 𝐹𝑧𝜌) = 0 ≤ �̃�(𝑧𝜌, 𝑥𝜆) + 𝜇�̃�(𝑥𝜆, 𝐹𝑥𝜆). By 𝐵𝛾,𝜇condition, 

 

   

   

( , ) 1 – ( , ) ( , ) ( , )

1 – ( , ) ( , ) ( , )

d Fx Fy d z x d x Fz d z Fx

d z x d x z d z Fx

       

     

 

 

  

  
⇒ �̃�(𝒛𝝆, 𝑭𝒙𝝀) ≤

(
1 –𝜸+𝝁

𝟏−𝝁
) �̃�(𝒛𝝆, 𝒙𝝀) ≤ �̃�(𝒛𝝆, 𝒙𝝀) (as 2𝜇 ≤ 𝛾)  

So  F is quasi-non expansive. However, the converse of above Lemma does not hold in general 

 

Example 

 

Let F: [0, 4]⇢[0,4] defined by𝑭𝒙𝝀 = {
𝟎 if x𝝀 ≠ 𝟒
𝟑 if x𝝀 = 𝟒

.   Then  F has a  soft fixed point at 𝒙𝝀 = 𝟎, and 

also𝑭(𝒙𝝀) ≤ 𝒙𝝀, ∀𝒙𝝀 ∈ [𝟎, 𝟒]. 
 

Hence, F is quasi-non expansive. We show that F does not satisfy the condition𝑩𝜸,𝝁. 

 

For 𝒙𝝀 = 𝟒, 𝒚𝜼 = 𝟑 

𝜸�̃�(𝒙𝝀, 𝑭𝒙𝝀) = 𝜸 ≤ 𝟏 + 𝟑𝝁 = �̃�(𝟒, 𝟑) + 𝝁�̃�(𝟑, 𝑭(𝟑)) 

 

But   �̃�(𝑭𝒙𝝀, 𝑭𝒚𝜼) ≤ �̃�(𝑭(𝟒), 𝑭(𝟑)) = 𝟑          and 

 

 

(1 – 𝜸)�̃�(𝒙𝝀, 𝒚𝜼) + 𝝁(�̃�(𝒙𝝀, 𝑭𝒚𝜼) + �̃�(𝒚𝜼, 𝑭𝒙𝝀))  = 1 – 𝜸 + 𝟒𝝁 ≤ 1 – 𝜸 + 𝟐𝜸         (∵𝟐𝝁 ≤ 𝜸) 

 

 

 < 𝟑   (as γ ε [0,1]) 
= �̃�(𝑭𝒙𝝀, 𝑭𝒚𝜼) 

 

So, 𝑩𝜸,𝝁condition is not satisfied. The following are some basic properties of mappings which satisfy 

the condition𝑩𝜸,𝝁on M. 
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2.3. Proposition: 

Let M be a nonempty subset of a soft Metric space�̃�. Let F: M →M satisfy the condition 𝑩𝜸,𝝁on M, 

Then, for all 𝒙𝝀, 𝒚𝜼 ∈ 𝑴and for, some soft number m ∈ [0, 1] 

(i) �̃�(𝑭𝒙𝝀, 𝑭𝟐𝒙𝝀) ≤ �̃�(𝒙𝝀, 𝑭𝒙𝝀) 

(ii) at least one of the following ((a) and (b)) holds: 

               (a) 
𝒎

𝟐
�̃�(𝒙𝝀, 𝑭𝒙𝝀) ≤  d̃(𝒙𝝀, 𝒚𝜼) 

                (b) 
𝒎

𝟐
�̃�(𝒙𝝀, 𝑭𝟐𝒙𝝀) ≤  d̃(𝑭𝒙𝝀, 𝒚𝜼) 

       The condition (a) implies �̃�(𝑭𝒙𝝀, 𝑭𝒚𝜼) ≤ (𝟏 −
𝒎

𝟐
) �̃�(𝒙𝝀, 𝒚𝜼) + 𝝁[�̃�(𝒙𝝀, 𝑭𝒚𝜼) + �̃�(𝒚𝜼, 𝑭𝒙𝝀)] 

and 

       The condition (b) implies �̃�(𝑭𝟐𝒙𝝀, 𝑭𝒚𝜼) ≤ (𝟏 −
𝒎

𝟐
) �̃�(𝑭𝒙𝝀, 𝒚𝜼) + 𝝁[�̃�(𝑭𝒙𝝀, 𝑭𝒚𝜼) +

�̃�(𝒚𝜼, 𝑭𝟐𝒙𝝀)] 

iii) �̃�(𝒙𝝀, 𝑭𝒚𝜼) ≤ (𝟑 − 𝒎)�̃�(𝒙𝝀, 𝑭𝒙𝝀) + (𝟏 −
𝒎

𝟐
)�̃�(𝒙𝝀, 𝒚𝜼) + 𝝁[𝟐�̃�(𝒙𝝀, 𝑭𝒙𝝀) + �̃�(𝒙𝝀, 𝑭𝒚𝜼) +

�̃�(𝒚𝜼, 𝑭𝒙𝝀) + 𝟐�̃�(𝑭𝒙𝝀, 𝑭𝟐𝒙𝝀)] 

  

Proof: i) We have, for all 𝒙𝝀 ∈ 𝑴 

             𝜸�̃�(𝒙𝝀, 𝑭𝒙𝝀) ≤ �̃�(𝒙𝝀, 𝑭𝒙𝝀) + 𝝁�̃�(𝑭𝒙𝝀, 𝑭𝟐𝒙𝝀) 

So by the condition 𝑩𝜸,𝝁 (replacing𝒚𝜼 by Fx𝝀) 

 

   

2 2

2

(Fx , x ) 1 – (x , x ) (x , x )

1 – (x , x ) (x , x ) ( x , x )

d F d F d F

d F d F d F F

     

     

 

 

 

  
 

             ⇒ �̃�(𝑭𝒙𝝀, 𝑭𝟐𝒙𝝀) ≤ (
1 –𝜸+𝝁

𝟏−𝝁
) �̃�(𝒙𝝀, 𝑭𝒙𝝀) ≤ �̃�(𝒙𝝀, 𝑭𝒙𝝀) 

ii) We assume on the contrary that: 

  
𝒎

𝟐
�̃�(𝒙𝝀, 𝑭𝒙𝝀) >  d̃(𝒙𝝀, 𝒚𝜼) and

𝒎

𝟐
�̃�(𝑭𝒙𝝀, 𝑭𝟐𝒙𝝀) >  d̃(𝑭𝒙𝝀, 𝒚𝜼), for some 𝒙𝝀, 𝒚𝜼 ∈ 𝑴.  

Now  

                                  

2( , ) ( , ) ( , ) ( , ) ( , )             (by (i))
2 2

( , ) ( , ) ( , )       since m 1
2 2

m m
d x Fx d x y d y Fx d x Fx d Fx F x

m m
d x Fx d x Fx d x Fx

         

     

  

  

 

That is�̃�(𝒙𝝀, 𝑭𝒙𝝀) < �̃�(𝒙𝝀, 𝑭𝒙𝝀). This is not possible, so, at least one of (a) and (b) holds.  
 

iii)  �̃�(𝒙𝝀, 𝑭𝒚𝜼) ≤ �̃�(𝒙𝝀, 𝑭𝒙𝝀) + �̃�(𝑭𝒙𝝀, 𝑭𝒚𝜼) 

If (ii) (a) holds, 

d̃(xλ, Fxλ) ≤ d̃(xλ, Fxλ) + (1 −
m

2
) d̃(xλ, yη) + μ[d̃(xλ, Fyη) + d̃(yη, Fxλ)] 

            ≤ (3 − 𝑚)�̃�(𝑥𝜆, 𝐹𝑥𝜆) + (1 −
𝑚

2
) �̃�(𝑥𝜆, 𝑦𝜂) + 𝜇[2�̃�(𝑥𝜆, 𝐹𝑦𝜂) + �̃�(𝑥𝜆, 𝐹𝑦𝜂) + �̃�(𝑦𝜂 , 𝐹𝑥𝜆) +

2�̃�(𝐹𝑥𝜆, 𝐹2𝑥𝜆)] 
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If (ii) (b) holds, 

               
2 2

2

2

( , ) ( , ) ( , ) ( , )

( , ) 1 ( , ) ( , ) ( , )
2

(3 ) ( , ) 1 ( , ) 2 ( , ) ( , ) ( , ) 2 ( , )
2

1

d x Fy d x Fx d Fx F x d F x Fy

m
d x Fx d Fx x d Fx Fx d x F x

m
m d x Fx d x y d x Fx d x Fy d y Ex d Fx F x

       

       

           





  

           

              

  2( , ) ( , ) ( , )
2

m
d Fx y d Fx Fy d y F x     

        

 

                           = (𝟑 − 𝒄)�̃�(𝒙𝝀, 𝑭𝒙𝝀) + (𝟏 −
𝒎

𝟐
) �̃�(𝒙𝝀, 𝒚𝜼) + 𝝁[�̃�(𝒙𝝀, 𝑭𝟐𝒙𝝀) + �̃�(𝑭𝒙𝝀, 𝑭𝒚𝜼) +

�̃�(𝒚𝜼, 𝑭𝟐𝒙𝝀)] 

                         ≤ (𝟑 − 𝒄)�̃�(𝒙𝝀, 𝑬𝒙𝝀) + (𝟏 −
𝒎

𝟐
) �̃�(𝒙𝝀, 𝒚𝜼) 

+𝝁[�̃�(𝒙𝝀, 𝑭𝒙𝝀) + �̃�(𝑭𝒙𝝀, 𝑭𝟐𝒙𝝀) + �̃�(𝒙𝝀, 𝑭𝟐𝒙𝝀) + �̃�(𝒙𝝀, 𝑭𝒙𝝀) + �̃�(𝒙𝝀, 𝑭𝒚𝜼) + �̃�(𝒚𝜼, 𝑭𝒙𝝀)

+ �̃�(𝑭𝒙𝝀, 𝑭𝟐𝒙𝝀)] 

                         = (𝟑 − 𝒄)�̃�(𝒙𝝀, 𝑭𝒙𝝀) + (𝟏 −
𝒎

𝟐
) �̃�(𝒙𝝀, 𝒚𝜼) + 𝝁[𝟐�̃�(𝒙𝝀, 𝑭𝒙𝝀) + �̃�(𝒙𝝀, 𝑭𝒚𝜼) +

�̃�(𝒚𝜼, 𝑭𝒙𝝀) + 𝟐�̃�(𝑭𝒙𝝀, 𝑭𝟐𝒙𝝀)] 
2.4. Proposition: 

Let M be a nonempty convex and bounded subset of a soft metric space �̃� and F be a self-mapping 

on M. We assume that F satisfies the condition Bγ,μ on M. For 𝑥𝜆0

0 ∈ 𝑀, let a sequence {𝑥𝜆𝑛

𝑛 } in M 

be defined by  

𝑥𝜆𝑛+1

𝑛+1  = 𝜌𝐹𝑥𝜆𝑛

𝑛 +  (1 – 𝜌)𝑥𝜆𝑛

𝑛 ,       (2.5.1) 

Where𝜌 ∈ 𝛾, 1)– {0}, 𝑛 ∈ 𝑁 ∪ {0}, then �̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛

𝑛 ) → 0as 𝑛 → ∞   

Proof: Since 𝜌 ≥ 𝛾we have  

   𝛾�̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 ) ≤ 𝜌�̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 ) = �̃�(𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛+1

𝑛+1 )    (By (2.5.1) 

i.e.                   𝛾�̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 ) ≤ 𝑑(𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛+1

𝑛+1 ) + 𝜇𝑑(𝑥𝜆𝑛+1

𝑛+1 , 𝐹𝑥𝜆𝑛+1

𝑛+1 ) 

So by the condition 𝐵𝛾,𝜇 (for𝑦𝜂𝑛
𝑛 = 𝑥𝜆𝑛+1

𝑛+1 ) 

�̃�(𝐹𝑥𝜆𝑛+1

𝑛+1 , 𝐹𝑥𝜆𝑛+1

𝑛+1 ) ≤ (1 − 𝛾)�̃�(𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛+1

𝑛+1 ) + 𝜇[�̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛+1

𝑛+1 ) + �̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 )] 

�̃� (𝐹𝑥𝜆𝑛

𝑛 ,
1

𝜌
(𝑥𝜆𝑛+2

𝑛+2 − (1 − 𝜌)𝑥𝜆𝑛+1

𝑛+1 )) ≤ �̃�(𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛+1

𝑛+1 ) + 𝜇 [�̃� (𝑥𝜆𝑛

𝑛 ,
1

𝜌
(𝑥𝜆𝑛+2

𝑛+2 − (1 −

𝜌)𝑥𝜆𝑛+1

𝑛+1 )) + 𝑑(𝑥𝜆𝑛+1

𝑛+1 , 𝐹𝑥𝜆𝑛

𝑛 )]  

For which we get  (1 − 𝜇) 𝑙𝑖𝑚
𝑛→∞

�̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛

𝑛 ) ≤ 0  

   𝑙𝑖𝑚
𝑛→∞

�̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛

𝑛 ) = 0  (Since𝜇 ≠ 1)     

2.5. Theorem  

Let M be a compact and convex subset of a soft Metric space�̃�. Let F be a self-mapping on M 

satisfying the condition𝐵𝛾, 𝜇. For 𝑥𝜆0

0 ∈ 𝑀, let{𝑥𝜆𝑛

𝑛 }be a sequence in M as defined in Proposition 2.6, 

where γ is sufficiently small. Then{𝑥𝜆𝑛

𝑛 }converges strongly to a fixed point of F. 

Proof: Since M is compact, there exists a subsequence {𝑥
𝜆𝑛𝑗

𝑛𝑗 }of {𝑥𝜆𝑛

𝑛 }and  𝑧𝜌 ∈ 𝑀 such that 

{𝑥
𝜆𝑛𝑗

𝑛𝑗 }converges to 𝑧𝜌 (see 15). 

Now, by proposition for𝛾 =
𝑚

2
,m ε [0,1] 



International Journal of Modern Agriculture, Vol. No 10, Issue No. 2 (2021) 

ISSN: 2305-7246 
 

1797 

 

𝛾�̃�(𝑥
𝜆𝑛𝑗

𝑛𝑗 , 𝐹𝑥
𝜆𝑛𝑗

𝑛𝑗 ) ≤̃ �̃�(𝑥
𝜆𝑛𝑗

𝑛𝑗 , 𝑧𝜌) Implies 𝛾�̃�(𝑥
𝜆𝑛𝑗

𝑛𝑗 , 𝐹𝑥
𝜆𝑛𝑗

𝑛𝑗 ) ≤ �̃�(𝑥
𝜆𝑛𝑗

𝑛𝑗 , 𝑧𝜌) + 𝜇�̃�(𝑧𝜌, 𝐹𝑧𝜌) 

So by the condition 𝐵𝛾, 𝜇 we have  �̃�(𝐹𝑥
𝜆𝑛𝑗

𝑛𝑗 , 𝐹𝑧𝜌) ≤ (1 − 𝛾)�̃�(𝑥
𝜆𝑛𝑗

𝑛𝑗 , 𝑧𝜌) + 𝜇 [�̃�(𝑥
𝜆𝑛𝑗

𝑛𝑗 , 𝐹𝑧𝜌) +

�̃�(𝑧𝜌, 𝐹𝑥
𝜆𝑛𝑗

𝑛𝑗 )] 

Again  

( , ) ( , ) ( , )

( , ) (1 ) ( , ) ( , ) ( , )

j j j j

n n n nj j j j

j j j j j

n n n n nj j j j j

n n n n

n n n n n

d x Fz d x Fx d Fx Fz

d x Fx d x z d x Fz d z Fx

    

      
 

 

     
  

 

   ≤ �̃�(𝑥
𝜆𝑛𝑗

𝑛𝑗 , 𝐹𝑥
𝜆𝑛𝑗

𝑛𝑗 ) + (1 − 𝛾)�̃�(𝑥
𝜆𝑛𝑗

𝑛𝑗 , 𝑧𝜌) + 𝜇 [�̃�(𝑥
𝜆𝑛𝑗

𝑛𝑗 , 𝐹𝑧𝜌) + �̃�(𝑧𝜌, 𝑥
𝜆𝑛𝑗

𝑛𝑗 ) +

�̃�(𝑥
𝜆𝑛𝑗

𝑛𝑗 , 𝐹𝑥
𝜆𝑛𝑗

𝑛𝑗 )] 

So, taking 𝑛𝑗 → ∞and using proposition, we get 

(1 − 𝜇)�̃�(𝑧𝜌, 𝐹𝑧𝜌) ≤ 0Implies that 𝐹𝑧𝜌 = 𝑧𝜌 (Since𝜇 ≠ 1) 

Showing that 𝑧𝜌 is soft point for F. Now  

�̃�(𝑥𝜆𝑛+1

𝑛+1 , 𝑧𝜌) ≤ 𝜌�̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑧𝜌) + (1 − 𝜌)�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) 

  ≤ 𝜌�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) + (1 − 𝜌)�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌)    

               = �̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌)           for all n 휀 N ∪ {0} 

Thus is a monotonically decreasing sequence of nonnegative real numbers and will converge to some 

real, say u. Now 

�̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑧𝜌) ≤ �̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 ) + (1 − 𝛾)�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌)

+ 𝜇[�̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑧𝜌) + �̃�(𝑧𝜌, 𝑥𝜆𝑛

𝑛 ) + �̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 )] 

 �̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) ≤ �̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 ) + (1 − 𝛾)�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) + 𝜇[2�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) + �̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 )] 

Taking limit as n → ∞, we get 𝑢 ≤ (1 − 𝛾)𝑢 + 𝜇(2𝑢) ⇒ (𝛾 − 2𝜇) ≤ 0, which is possible only for 

u = 0, since 2𝜇 ≤ 𝛾. Hence, {𝑥𝜆𝑛

𝑛 }converges strongly to 𝑧𝜌. 

2.6. Theorem  

Let M be a weakly compact and convex subset of a uniformly convex soft Metric Space�̃�. Let F be a 

self-mapping on M satisfying the condition Bγ ,μ. Then F has a soft fixed point. 

 

Proof:  Consider the sequence {𝑥𝜆𝑛

𝑛 } in M as defined in Proposition  

Then,     𝑙𝑖𝑚𝑠𝑢𝑝 𝑑̃ (𝐹𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛

𝑛 ) = 0 

As in [7], let g be a continuous convex function from M into [0, ∞) defined by   

𝑔(𝑥𝜆𝑛

𝑛 ) = 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 𝑑 (𝑥𝜆𝑛

𝑛 , 𝑥𝜆), for all  𝑥𝜆 ∈ 𝑀 

Again, since M is weakly compact and g is weakly lower semi-continuous, there is 𝑧𝜌 ∈ 𝑀such that: 

   𝑔(𝑧𝜌) =  min{𝑔(𝑥𝜆): 𝑥𝜆 ∈ 𝐶}  

�̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑧𝜌) ≤ (3 − 2𝛾)�̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 ) + (1 − 𝛾)�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) + 𝜇[2�̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 ) + �̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) +

�̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 ) + 2�̃�(𝑥𝜆𝑛

𝑛 , 𝐹𝑥𝜆𝑛

𝑛 )]  

So,     (1 − 𝜇) 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝐹𝑧𝜌) ≤ (1 − 𝛾 + 𝜇) 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝑧𝜌) 

     𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝐹𝑧𝜌) ≤
(1−𝛾+𝜇)

1−𝜇
𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝑧𝜌) 

     𝑔(𝐹𝑧𝜌) ≤ 𝑔(𝑧𝜌) 
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Since  𝑔(𝑧𝜌) is the minimum. 𝑔(𝐹𝑧𝜌) = 𝑔(𝑧𝜌) 

Now, if 𝐹𝑧𝜌 ≠ 𝑧𝜌, then as g is strictly quasi-convex, we have  

 𝑔(𝑧𝜌) ≤ 𝑔(𝜌𝐹𝑧𝜌  +  (1 –  𝜌)𝑧𝜌) < 𝑚𝑎𝑥{𝑔(𝑧𝜌), 𝑔(𝐹𝑧𝜌)} = 𝑔(𝑧𝜌) 

Which is a contradiction, hence 𝐹𝑧𝜌 = 𝑧𝜌. 

2.7. Theorem  

 Let M be a nonempty subset of a soft Metric space �̃� having the Opial property. Let F be a self-

mapping on M satisfying the condition Bγ,μ. If {𝑥𝜆𝑛

𝑛 } is a sequence in �̃� such that: 

(i) {𝒙𝝀𝒏

𝒏 } Converges weakly to𝒛𝝆, 

(ii) 𝒍𝒊𝒎
𝒏→∞

�̃�(𝑭𝒙𝝀𝒏

𝒏 , {𝑿𝝀𝒏

𝒏 }) = 𝟎,Then 𝑭𝒛𝝆 = 𝒛𝝆. 

 
Proof:  

𝜸�̃�(𝒙𝝀𝒏

𝒏 , 𝑭𝒙𝝀𝒏

𝒏 ) ≤ �̃�(𝒙𝝀𝒏

𝒏 , 𝒛𝝆) ≤ �̃�(𝒙𝝀𝒏

𝒏 , 𝒛𝝆) + 𝝁�̃�(𝒛𝝆, 𝑭𝒛𝝆).   

 
So, by the condition Bγ,μ 

�̃�(𝑭𝒙𝝀𝒏

𝒏 , 𝑭𝒛𝝆) ≤ (𝟏 − 𝜸)�̃�(𝒙𝝀𝒏

𝒏 , 𝒛𝝆) + 𝝁[�̃�(𝒙𝝀𝒏

𝒏 , 𝑭𝒛𝝆) + �̃�(𝒛𝝆, 𝑭𝒙𝝀𝒏

𝒏 )]                                    ( 2.8.1) 

Now  

  
( , ) ( , ) ( , )

( , ) (1 ) ( , ) ( , ) ( , ) ( , )

n n n n

n n n n n n n

n n n n

n n n n n n n

d x Fz d x Fx d Fx Fz

d x Fx d x z d x Fz d z x d x Fx

     

          

 

      
 

           

  by 2.8.1 

 

So, taking limit as n→∞ and using (ii), we get 

  �̃�(𝒙𝝀𝒏

𝒏 , 𝑭𝒛𝝆) ≤
𝟏−𝜸+𝝁

𝟏−𝝁
�̃�(𝒙𝝀𝒏

𝒏 , 𝒛𝝆) ≤ �̃�(𝒙𝝀𝒏

𝒏 , 𝒛𝝆) 

So,   𝒍𝒊𝒎
𝒏→∞

𝒊𝒏𝒇 �̃� (𝒙𝝀𝒏

𝒏 , 𝑭𝒛𝝆) ≤ 𝒍𝒊𝒎
𝒏→∞

𝒊𝒏𝒇 �̃� (𝒙𝝀𝒏

𝒏 , 𝒛𝝆)              (2.8.2) 

Let 𝑭𝒛𝝆 ≠ 𝒛𝝆 Since 𝒙𝝀𝒏

𝒏 → 𝒛𝝆 (weakly) the opial property, we have  

𝒍𝒊𝒎
𝒏→∞

𝒊𝒏𝒇 �̃� (𝒙𝝀𝒏

𝒏 , 𝒛𝝆) ≤ 𝒍𝒊𝒎
𝒏→∞

𝒊𝒏𝒇 �̃� (𝒙𝝀𝒏

𝒏 , 𝑭𝒛𝝆) 

This is contradiction to (2.8.2), so𝑭𝒛𝝆 = 𝒛𝝆 

 

2.8. Theorem  

Let M be a weakly compact convex subset of a soft Metric space �̃� with the Opial property, F be a 

self-mapping on M satisfying the condition Bγ ,μ, and the sequence {𝑥𝜆𝑛

𝑛 } in M be as defined in 

Proposition. Then {𝑥𝜆𝑛

𝑛 }converges weakly to a fixed point of F. 

 

Proof:  It is clear that �̃�(Fx𝜆𝑛

𝑛  , 𝑥𝜆𝑛

𝑛 ) → 0as n →∞. 
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Since M is weakly compact, there exists a subsequence  {𝒙
𝝀𝒏𝒋

𝒏𝒋
} of {𝒙𝝀𝒏

𝒏 } and  𝒛𝝆 ∈ 𝑴 such that 

{𝒙
𝝀𝒏𝒋

𝒏𝒋 }converges weakly to 𝒛𝝆clearly   𝒛𝝆 is a fixed point of F. 

We assume that {𝒙𝝀𝒏

𝒏 }does not converge weakly to 𝒛𝝆. Then there is a subsequence {𝒙
𝝀𝒏𝒋

𝒏𝒋 } of {𝒙𝝀𝒏

𝒏 } 

and 𝒖𝒍 ∈ 𝑴 such that {𝒙
𝝀𝒏𝒋

𝒏𝒋 } converges weakly to𝒖𝒍  and𝒖𝒍 ≠ 𝒛𝝆. Again, 𝑭𝒖𝒍 = 𝒖𝒍  

Now                𝐥𝐢𝐦
𝐧→∞

𝐢𝐧𝐟 �̃� (𝐱𝛌𝐧

𝐧 , 𝐳𝛒) = 𝐥𝐢𝐦
𝐧𝐣→∞

𝐢𝐧𝐟 �̃� (𝐱
𝛌𝐧𝐣

𝐧𝐣 , 𝐳𝛒) < 𝐥𝐢𝐦
𝐧𝐣→∞

𝐢𝐧𝐟 �̃� (𝐱
𝛌𝐧𝐣

𝐧𝐣 , 𝐮𝐥)    

         (by opial property) 

                        = 𝐥𝐢𝐦
𝐧𝐣→∞

𝐢𝐧𝐟 �̃� (𝐱
𝛌𝐧𝐣

𝐧𝐣 , 𝐮𝐥) < 𝐥𝐢𝐦
𝐧𝐣→∞

𝐢𝐧𝐟 �̃� (𝐱
𝛌𝐧𝐣

𝐧𝐣 , 𝐳𝛒) = 𝐥𝐢𝐦
𝐧→∞

𝐢𝐧𝐟 𝐝 (𝐱𝛌𝐧

𝐧 , 𝐳𝛒) 

This is contradiction, so {𝑥𝜆𝑛

𝑛 }converges weakly to𝑧𝜌. 

 
2.9. Lemma 

Let M be a non empty closed and convex subset of a soft Metric space�̃�. Let F be a self Mapping on 

M satisfying the condition Bγ,μ. For 𝒙𝝀𝟎

𝟎  in M, let {𝒙𝝀𝒏

𝒏 }be a sequence in M defined by the above 

iteration. Then 𝒍𝒊𝒎
𝒏→∞

�̃�(𝒙𝝀𝒏

𝒏 , 𝒛𝝆) exist for all 𝒛𝝆 in F(F). 

 

1

1( , ) ( (1 ) , ) ( , ) ((1 ) , )

( , ) (1 ) ( , ) ( , )

(1 ) , ( , ) (1 ) ( , )

( , )

n n n n n

n n n

n n n n

n

n n n n n
n n n n

n n n
n n

n n n n
n n n n

n

d x z d Fy y z d Fy z d y z

d y z d y z d y z

d Fx x z d x z d x z

d x z

       

    

     



   

 

   



      

   

     



 

That is �̃�(𝒙𝝀𝒏

𝒏 , 𝒛𝝆) is non-increasing and bounded sequence. Thus there exist for all 𝒛𝝆 in F(F). 

2.10. Lemma 

Let �̃� be a uniformly convex soft Metric space. Let {𝛿𝑛} be a sequence of real numbers such 

that0 <  𝑎 ≤  𝛿𝑛 ≤  b <  1, ∀n ∈  N and let {𝑥𝜆𝑛

𝑛 } and {𝑦𝜂𝑛
𝑛 } be sequences in �̃� such 

that𝑙𝑖𝑚𝑠𝑢𝑝 𝑥𝜆𝑛

𝑛 ≤ 𝑟, 𝑙𝑖𝑚𝑠𝑢𝑝 𝑦𝜂𝑛
𝑛 ≤ 𝑟and 𝑙𝑖𝑚[𝛿𝑛𝑥𝜆𝑛

𝑛 + (1 − 𝛿𝑛)𝑦𝜂𝑛
𝑛 ] = 𝑟 for some 𝑟 ≥ 0then 

𝑙𝑖𝑚
𝑛→∞

�̃�(𝑥𝜆𝑛

𝑛 ,y
𝜂𝑛

𝑛 )=0 

2.11. Theorem 

Let M be a nonempty closed convex subset of a uniformly convex soft Metric space�̃�. Let F be a 

self-mapping on M satisfying B γ, μ condition. Let {𝑥𝜆𝑛

𝑛 } be a sequence in M defined by the iteration 

scheme where αn, βn ∈ (0, 1). Then F(F) ≠φ if and only if {𝑥𝜆𝑛

𝑛 } is bounded and 𝑙𝑖𝑚
𝑛→∞

�̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛

𝑛 ) =

0. 

Proof:  Let F(F) ≠φ and 𝒛𝝆 ∈ F(F)  
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By lemma 3.15 𝑙𝑖𝑚
𝑛→∞

�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) exist and {𝑥𝜆𝑛

𝑛 }is bounded.  

 𝑙𝑖𝑚
𝑛→∞

�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) = 𝑞 (say)      (2.12..1) 

Now  

( , ) ( , )  (by lemma 3.3)

( , )

n n

n

n n

n

d Fy z d y z

d x z

  






 

So   𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝐹𝑦𝜂𝑛
𝑛 , 𝑧𝜌) ≤ 𝑙𝑖𝑚

𝑛→∞
𝑠𝑢𝑝 �̃� (𝑦𝜂𝑛

𝑛 , 𝑧𝜌) ≤ 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝑧𝜌) = 𝑞  (2.12.2)

  

Also 

 

    

1

1lim ( , ) lim ( (1 )),  

lim , lim (1 ) , ,

lim ( , )

n n

n n

n

n n
n n

n n

n n
n n n

n n

n

n

d x z d Fy z

d Fy z d y z z

d x z q

  

   



 

  





 

 



  

  

 

 

So 𝑙𝑖𝑚
𝑛→∞

�̃�(𝐹𝑦𝜂𝑛
𝑛 , 𝑦𝜂𝑛

𝑛 ) = 0 

Again we have 

𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝐹𝑥𝜆𝑛

𝑛 , 𝑧𝜌) ≤ 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝑧𝜌) = 𝑞    (2.12.3) 

Now  

�̃�(𝑥𝜆𝑛+1

𝑛+1 , 𝑧𝜌) ≤ 𝛽𝑛 d̃(𝐹𝑦𝜂𝑛
𝑛 , 𝑧𝜌) + (1-𝛽𝑛)�̃�(𝑦𝜂𝑛

𝑛  , 𝑧𝜌) ≤ 𝛽𝑛 d̃(𝑦𝜂𝑛
𝑛 , 𝑧𝜌) + (1-𝛽𝑛)�̃�(𝑦𝜂𝑛

𝑛  ,  𝑧𝜌) 

 𝑞 ≤ 𝑙𝑖𝑚
𝑛→∞

𝑖𝑛𝑓 �̃� (𝑦𝜂𝑛
𝑛 , 𝑧𝜌) ≤ 𝑙𝑖𝑚

𝑛→∞
𝑠𝑢𝑝 �̃� (𝑦𝜂𝑛

𝑛 , 𝑧𝜌) ≤ 𝑞 (using 3.7) 

 𝑙𝑖𝑚
𝑛→∞

�̃�(𝑦𝜂𝑛
𝑛 , 𝑧𝜌) = 𝑞  

So   𝑙𝑖𝑚
𝑛→∞

[𝛼𝑛 d̃(𝐹𝑥𝜆𝑛

𝑛 , 𝑧𝜌) + (1-𝛼𝑛)�̃�(𝑥𝜆𝑛

𝑛  , 𝑧𝜌)] = 𝑙𝑖𝑚
𝑛→∞

�̃�(𝑦𝜂𝑛
𝑛  , 𝑧𝜌)=q  (2.12.4) 

So  

𝑙𝑖𝑚
𝑛→∞

[�̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑧𝜌) − �̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌)] = 0 ⇒ 𝑙𝑖𝑚
𝑛→∞

�̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛

𝑛 ) = 0   

Conversely, let {𝑥𝜆𝑛

𝑛 }be bounded and 𝑙𝑖𝑚
𝑛→∞

�̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛

𝑛 ) = 0. Let 𝑧𝜌 ∈ 𝐴(𝑀, {𝑥𝜆𝑛

𝑛 }).  

2

( , ) (3 ) ( , ) 1 ( , )
2

2 ( , ) ( , ) ( , ) 2 ( , )

n n n n

n n n n n n

n n n n

n n n n n n

m
d x Fz m d x Fx d x z

d x Fx d x Fz d z Fx d Fx F x

    

      


 
    

 

    
  

 

(3 ) ( , ) 1 ( , )
2

2 ( , ) ( , ) ( , ) 2 ( , )

n n n

n n n n

n n n

n n n n

m
m d x Fx d x z

d x Fz d x z d z Fz d x Fx

  

      


 
    

 

    
  

          

 (1 − 𝜇) 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝐹𝑧𝜌) ≤ (1 −
𝑚

2
+ 𝜇) 𝑙𝑖𝑚

𝑛→∞
𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝑧𝜌) 

 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝐹𝑧𝜌) ≤ (
1−𝑚/2+𝜇

1−𝜇
) 𝑙𝑖𝑚

𝑛→∞
𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝑧𝜌) ≤ 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝑧𝜌) 

(as 
1 − 𝑚/2 + 𝜇

1 − 𝜇
< 1, for 2𝜇 ≤ 𝛾 =

𝑚

2
) 

 𝑟(𝐹𝑧𝜌, {𝑥𝜆𝑛

𝑛 } ≤ 𝑟(𝑧𝜌, {𝑥𝜆𝑛

𝑛 }) 

So, 𝐹𝑧𝜌 ∈ 𝐴(𝑀, {𝑥𝜆𝑛

𝑛 }). 
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Since �̃� is uniformly convex, so𝐹𝑧𝜌 = 𝑧𝜌   i.e. 𝑧𝜌 ∈ 𝐹(𝐹), hence 𝐹(𝐹) is not empty 

2.12. Lemma 

Let F be a self-mapping on a nonempty closed and convex subset M of a Metric space �̃�. Let F 

satisfy the condition Bγ,μ  on M. For 𝒙𝝀𝟎

𝟎 ∈ 𝑴, we define a sequence {𝒙𝝀𝒏

𝒏 } in M by the iteration 

scheme (3.10), where 0 ≤ 𝒂𝒏, 𝒃𝒏 ≤ 𝟏, then,𝒍𝒊𝒎
𝒏→∞

�̃�(𝒙𝝀𝒏

𝒏 , 𝒛𝝆) exist for all 𝒛𝝆 ∈ 𝑭(𝑭).  

Proof:  Can be proved easily 

2.13. Theorem 

Let F be a self-mapping on a nonempty closed and convex subset M of a uniformly convex soft 

metric space �̃�. Let F satisfy the condition Bγ ,μ on M. Let {𝒙𝝀𝒏

𝒏 }be a sequence in M defined by the 

iteration scheme where  0 ≤ 𝑎𝑛, 𝑏𝑛 ≤ 1and 𝑙𝑖𝑚
𝑛→∞

𝑎𝑛 = 𝑘(≠ 0).  Then F(F) ≠φ if and only if {𝒙𝝀𝒏

𝒏 } is 

bounded and 𝑙𝑖𝑚
𝑛→∞

�̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛

𝑛 ) = 0. 

Proof:  Let F(F) ≠ φ and   𝒛𝝆 ∈ 𝑭(𝑭). Then, 𝑙𝑖𝑚
𝑛→∞

�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) exists and {𝒙𝝀𝒏

𝒏 }is bounded 

𝑙𝑖𝑚
𝑛→∞

�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) = 𝑞 (say)                  (2.14.1) 

we have  �̃�(𝐹𝑦𝜂𝑛
𝑛 , 𝑧𝜌) ≤ �̃�(𝑦𝜂𝑛

𝑛 , 𝑧𝜌) ≤ �̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) 

So   𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝐹𝑦𝜂𝑛
𝑛 , 𝑧𝜌) ≤ 𝑙𝑖𝑚

𝑛→∞
𝑠𝑢𝑝 �̃� (𝑦𝜂𝑛

𝑛 , 𝑧𝜌) ≤ 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝑧𝜌) = 𝑞  (2.14.2) 

Again, 

 
   
   

1

1( , ) ( , ) ( , ) (1 ) ,   

,   (1 ) ,

,   (1 ) ,

n n n n n

n n

n n

n n n n n
n n

n n
n n

n n
n n

d x z d Fz z d z z d a x a Fy z

a d Fy z a d x z

a d y z a d x z

       

  

  



     

  

  

 

    ≤ 𝑎𝑛�̃�((1 − 𝑏𝑛)𝑥𝜆𝑛

𝑛 + 𝑏𝑛𝐹𝑥𝜆𝑛

𝑛 ,  𝑧𝜌) + (1 − 𝑎𝑛)�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) 

≤ 𝑎𝑛[𝑏𝑛�̃�(𝐹𝑥𝜆𝑛

𝑛 ,  𝑧𝜌) + (1 − 𝑏𝑛)�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌)] + (1 − 𝑎𝑛)�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) 

≤ 𝑎𝑛𝑏𝑛�̃�(𝐹𝑥𝜆𝑛

𝑛 ,  𝑧𝜌) + 𝑎𝑛�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) − 𝑏𝑛�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) + �̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) − 𝑎𝑛�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) 

= �̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) 

   = �̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌)                                       (2.14.3) 

Thus  �̃�(𝑥𝜆𝑛+1

𝑛+1 , 𝑧𝜌) = �̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌)       (2.14.4) 

Again,  

  �̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) ≤ �̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) , for all  n ∈ 𝑁 ∪ {0} 

        𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝐸𝑥𝜆𝑛

𝑛 , 𝑧𝜌) ≤ 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝑧𝜌) = 𝑞    (2.14.5) 

Now we have  

�̃�(𝑥𝜆𝑛+1

𝑛+1 , 𝑧𝜌) ≤ 𝑎𝑛�̃�(𝑦𝜂𝑛
𝑛 , 𝑧𝜌) + (1 − 𝑎𝑛)�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) 

  �̃�(𝑥𝜆𝑛+1

𝑛+1 , 𝑧𝜌) − (1 − 𝑎𝑛)�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌) ≤ 𝑎𝑛�̃�(𝑦𝜂𝑛
𝑛 , 𝑧𝜌) 

 𝑞 − (1 − 𝑘)𝑞 ≤ 𝑙𝑖𝑚
𝑛→∞

𝑖𝑛𝑓 �̃� (𝑦𝜂𝑛
𝑛 , 𝑧𝜌) 

 𝑞 ≤ 𝑙𝑖𝑚
𝑛→∞

𝑖𝑛𝑓 �̃� (𝑦𝜂𝑛
𝑛 , 𝑧𝜌) ≤ 𝑙𝑖𝑚

𝑛→∞
𝑠𝑢𝑝 �̃� (𝑦𝜂𝑛

𝑛 , 𝑧𝜌) ≤ 𝑞 

 𝑙𝑖𝑚
𝑛→∞

�̃�(𝑦𝜂𝑛
𝑛 , 𝑧𝜌) = 𝑞 

Thus   𝑙𝑖𝑚
𝑛→∞

[𝑏𝑛�̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑧𝜌) + (1 − 𝑏𝑛)�̃�(𝑥𝜆𝑛

𝑛 , 𝑧𝜌)] = 𝑙𝑖𝑚
𝑛→∞

�̃�(𝑦𝜂𝑛
𝑛 , 𝑧𝜌) = 𝑞 
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we have 𝑙𝑖𝑚
𝑛→∞

�̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛

𝑛 ) = 0 

For the converse part, let  {𝑥𝜆𝑛

𝑛 }be bounded and 𝑙𝑖𝑚
𝑛→∞

�̃�(𝐹𝑥𝜆𝑛

𝑛 , 𝑥𝜆𝑛

𝑛 ) = 0 

Let 𝑧𝜌 ∈ 𝐴(𝑀, {𝑥𝜆𝑛

𝑛 }).  

𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝐹𝑧𝜌) ≤ (
1−

𝑚

2
+𝜇

1−𝜇
) 𝑙𝑖𝑚

𝑛→∞
𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝑧𝜌) ≤ 𝑙𝑖𝑚
𝑛→∞

𝑠𝑢𝑝 �̃� (𝑥𝜆𝑛

𝑛 , 𝑧𝜌)    

  (𝑎𝑠 
1−𝑚/2+𝜇

1−𝜇
< 1, for 2𝜇 ≤ 𝛾 =

𝑚

2
) 

  𝑟(𝐹𝑧𝜌, {𝑥𝜆𝑛

𝑛 } ≤ 𝑟(𝑧𝜌, {𝑥𝜆𝑛

𝑛 }) 

Hence𝐹𝑧𝜌 ∈ 𝐴(𝑚, {𝑥𝜆𝑛

𝑛 }), �̃�being uniformly convex, 𝐹𝑧𝜌 = 𝑧𝜌,  i.e. 𝑧𝜌 ∈ 𝐹(𝐹) Hence F(F) ≠ φ.  
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